We extend the concept of the relative error to mixed-state cloning and related physical operations, in which the ancilla contains some information about the input state. The lower bound on the relative error is obtained.
Quantum cloning is a important issue in quantum information, due to its connection to security in quantum cryptography and understanding of the nature of quantum states. It is well known that non-orthogonal pure states cannot be cloned [1] . This result was generalized and extended in Ref. [2] : noncommuting mixed states cannot be broadcast. In Ref. [3] the stronger no-cloning theorem was established. For example, let {|s 1 , |s 2 } be any pair of non-orthogonal pure states and {Σ 1 , Σ 2 } be any pair of mixed states. According to the stronger no-cloning theorem, there is a physical operation In other words, the full information of the clone must be a priori provided in the ancilla state Σ j alone [3] .
The approximate quantum copying was originally considered by Hillery and Bužek [4] . In particular, they examined approximate cloning machines operating on prescribed two non-orthogonal states. In Ref. [5] such devices were called 'state-dependent cloners'. As a criterion for estimation of the state-dependent cloning, Ref. [5] introduced 'global fidelity' and 'local fidelity'. It has constructed the optimal 'global' cloner that maximizes the global fidelity. The local fidelity has been also optimized. Ref. [6] considered state-dependent N → L cloning with respect to both the mentioned criteria.
Thus, the state-dependent cloning was mainly examined from the 'fidelity' viewpoint. However, the statedependent cloning is a complex subject with many facets. Important as the notions of the global fidelity and the local fidelity are, they do not cover the problem on the whole [7] . An optimality criterion to widen an outlook is needed. In Ref. [7] we introduced such a criterion called 'relative error'. We have found that minimizing the relative error is essentially different task from optimizing other quantities. The asymmetric cloner, which minimizes the relative error, was us constructed. As Ref. [7] shows, the study of the relative error has allowed to complement a portrait of the state-dependent cloning.
All the above results examine the pure-state cloning. Ref. [8] introduced the single qubit purification procedure that was used in extending of the input of the optimal cloners constructed in Refs. [9, 10] to mixed states. However, the described in Ref. [8] scenario is not equivalent to the standard statement of cloning problem. The approximate copying of mixed states is interesting for various questions. For example, in some protocols Alice and Bob encode the bits 1 and 0 into two non-orthogonal pure states [11] . In the reality a communication channel will inevitably suffer from noise that will have caused the bits to evolve to mixed states. Eve is then anxious for cloning of two noncommuting mixed states.
The discussed problem is this. Register A is initially prepared in one state from a set A = {ρ 1 , ρ 2 } . The ancilla state Σ j from a set S = {Σ 1 , Σ 2 } contains some a priori (generally non-full) information about the input state of register A. By the ancilla we will mean a system BE composed of extra register B, that is to receive the clone of ρ j , and environment E. If we include an environment space then any physical operation may be expressed as a unitary evolution. Thus, the final state of two registers is described by
which is partial trace over environment space. In order to estimate a quality of cloning we shall compare ρ j with the perfect state ρ j ⊗ ρ j that would be produced by the ideal cloning. (Note that the cloning is special strong form of broadcasting [2] ; the examination of approximate broadcasting is beyond the scope of the present work.) Before definition of the relative error for the above physical operations, we shall prove two useful statements, using the notion of fidelity function [12] . Recall the definition of the fidelity in the terms of 'purifications'. Suppose that χ and ω are density operators describing states of quantum system S. We can imagine that these mixed states arise by a partial trace operation from pure states of an extended system SE (larger system E is the environment). In other words, there are states |X and |Y , such that
These pure states |X and |Y are called 'purifications'
of χ and ω respectively. Jozsa defined fidelity by
where the maximum is taken over all purifications |X of χ and |Y of ω. As it is shown in Ref. [12] , this quantity is equivalent to the Uhlmann's transition probability for mixed states [13] that is defined by
We shall now parametrize the fidelity by means of angle between mixed states. Using the purification viewpoint, the angle ∆(χ, ω) ∈ [0; π/2] between mixed states χ and ω is defined by
where the minimum is taken over all purifications |X of χ and |Y of ω. Eqs. (4) and (6) imply that
It is clear that the basic properties of angle between two mixed states sucseed properties of the fidelity function.
Recall that the spherical triangle inequality holds [7] :
The inequality given by Eq. (8) can be easily extended on the case of mixed states. As was proved by Jozsa [12] , in defining the fidelity F (ρ, χ) it is sufficient to fix any one of the purifications |Z of ρ and take the maximum over arbitrary purifications |X of χ. By this property, we fix purification |Z of ρ and choose purifications |X and |Y so that ∆(χ, ρ) = δ(X, Z) and ∆(ω, ρ) = δ(Y, Z) . Using Eqs. (6) and (8), we then have that for any triplet {χ, ω, ρ} of mixed states,
This result extends the spherical triangle inequality to the case of mixed states. The first useful statements gives the upper bound on the difference between fidelities F (χ, ρ) and F (ω, ρ). Namely, for any triplet {χ, ω, ρ} of mixed states,
In order to prove Eq. (10) we make of use Eq. (9) and standard trigonometric formula (see Ref. [14] )
that gives inequality
We then get by a parallel argument
and the two last inequalities give Eq. (10). The second useful statement establishes the upper bound on the modulus of difference between probability distributions generated by two mixed states χ and ω for any measurement. The measurement over the system S in state ρ produces result a with probability (see, for example, Ref. [15] )
where Π a is the orthogonal projector onto the corresponding to a subspace of the system S state space. We fix purification |X of χ and choose purification |Y of ω so that ∆(χ, ω) = δ(X, Y ) . By Eqs. (2) and (3),
where 1 is the identity operator and the trace is taken over extended system SE. The last relations can be rewritten as
Ref. [7] has proved that for any projector Π,
Using Eqs. (17), (18) and (19), we then obtain
According to Eq. (20), small angle between two mixed states implies that the probability distributions generated by them for any measurement are close to each other. The proved statements show that the angle between two mixed states gives a reasonable measure of closeness for ones. We shall now justify the notion of the relative error for discussed operations. For brevity, let us denote ∆ j = ∆( ρ j , ρ j ⊗ ρ j ) , where j = 1, 2. According to Eq. (20), for any measurement
Thus, size sin ∆ j describes upon the whole the deviation of the resulting probability distribution from the probability distribution to which it ought to tend. We define the absolute error as the sum sin ∆ 1 + sin ∆ 2 . This definition extends the notion of the absolute error to the case of mixed states. However, this criterion loses sight of closeness of states ρ 1 and ρ 2 . Let us take that we want distinguishing the input state of register A by measurement made on the output. In order to solve the problem we compare given output ρ j to both ideal outputs ρ 1 ⊗ρ 1 and ρ 2 ⊗ ρ 2 . But if the ideal outputs are not sufficiently distinguishing then certain trouble holds us. To express this in quantitative form we should use some measure of
provides such a measure. The closeness of ρ 1 to ρ 1 ⊗ ρ 1 is measured by sin ∆ 1 , the closeness of ρ 2 to ρ 2 ⊗ ρ 2 is measured by sin ∆ 2 . By analogy with the case of pure states [7] , the relative error is defined as follows. Definition The relative error is
We are interested in lower bound on the relative error defined by Eq. (22). This lower bound is established by the following result.
Theorem There is the lower bound
where
Proof of the theorem At first, using Eq. (9) twice, we have
Recall that the fidelity function is multiplicative and preserved by unitary evolution [12] . By these properties,
Next, the fidelity cannot decrease under the operation of partial trace [2] . (Note that Ref. [2] defines fidelity to be the square root of the quantity defined by Eq. (4).) Therefore,
By Eq. (26), we have
According to the angle range of values,
By Eqs. (25) and (28),
Using Eqs. (26) and (27), Eq. (29) can be rewritten as Eq. (23). At fixed f , the right-hand side of Eq. (23) is increasing function of parameter φ. For φ = f the lower bound is equal to zero and the equality R(A|S) = 0 can be reached. For example, it holds when Σ j = ρ j ⊗σ , i.e. the full information about the input state is a priori provided in the ancilla. Conversely, in the standard cloning there is no a priori information, i.e. Σ j = Σ and φ = 1 . Then we get
If the lower bound is seen as function of φ then its minimum, reached at φ = f , is equal to 0 and its maximum, reached at φ = 1 , is equal to the right-hand side of Eq. (30). On the whole, these conclusions appear as plausible and add to the stronger no-cloning theorem. Note that the lower bound given by Eq. (23) is nontrivial in the interval f ≤ φ ≤ 1 , because for φ < f the right-hand side of Eq. (23) is negative. Unfortunately, our techniques does not allow to study the range 0 ≤ φ < f . In the pure-state cloning, ρ j = |s j s j | for j = 1, 2 and parameter f = s 1 |s 2 . In this case the lower bound given by right-hand side of Eq. (30) is equivalent to the lower bound obtained in Ref. [7] for pure-state 1 → 2 cloning. Thus, Eq. (30) provides the extension of the preceding result to the case of mixed states.
In Ref. [7] we have constructed the asymmetric cloner, minimizing the relative error. Does this cloner reach the bound in the case of mixed states? The answer is negative. The above transformation has two properties: P1 It acts on the Hilbert space of two registers; P2 The initial state of register B is pure.
It can be shown that two these properties do not allow to reach the lower bound given by Eq. (30) for each pair of kind A = {1/N, |s s|} , where 1 is the identity operator in N -dimensional Hilbert space of the register (N > 1). We refrain from presenting the proof that is somewhat lengthy. Now we do not know whether a cloner, which reaches the established lower bound, exists. We can see that there is a essential difference between pure-state and mixed-state cloning.
Finally, it should be pointed out that our techniques can be applied to the N → L operations. In this case the ancilla is composed of M = L − N extra registers and the environment. As a result, we obtain the lower bound
which is nontrivial in the interval f M ≤ φ ≤ 1 . At fixed f , the right-hand side of Eq. (31) is increasing function of parameter φ. For φ = f M the lower bound is equal to zero. For example, the equality R(A|S) = 0 holds when Σ j = ρ ⊗M j ⊗ σ and the full information is already
